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Abstract

Let (M™, g) be an n—dimensional compact Riemannian manifold with boundary with n > 2.
In this paper we study the uniqueness of metrics in the conformal class of the metric g having the same
scalar curvature in M, OM, and the same mean curvature on the boundary of M, M. We prove the
equivalence of some uniqueness results replacing the hypothesis on the first Neumann eigenvalue of a
linear elliptic problem associated to the problem of conformal deformations of metrics for one about
the first Dirichlet eigenvalue of that problem.
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1 Introductionw

Let (M™, g) be an n—dimensional compact Riemannian manifold with
boundary. Let R, denote its scalar curvature and H, the trace of the

second fundamental form. We let hy = :’:91 be the mean curvature of the

boundary of M, M. In [1] and [3] it has been studied to what extent
the scalar curvature and the mean curvature of the boundary determine
the metric within its conformal class, where the conformal class of a
metric g, denoted by [g], is the set of metrics of the form ¢g where ¢ is a
smooth positive function defined on M.

When n =2 and g = e?%g the function u satisfies the following non-
linear elliptic equation:

Agu— Ky+ Ke*™ =0 in M,
ou u 1
a—%—Fkg—kge =0 on 8M, ()
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where K, = % and k, = h, denote the Gaussian curvature and the

geodesic curvature of M with respect to the metric g.

If n>3and ¢g= un=? g then the function w satisfies the non-linear
elliptic equation:

Agu — c(n)Ryu + c(n)ngvfu,Z_J—rg =0 in M,

o n
n

(2)

n—2
4(n—1)"

where c¢(n) =
In [1] and [3] the following question is investigated: Given g € [g] with
R,=R; in M, and h, = hy; on M, when is g = g? This geometric
question is equivalent to the following uniqueness questions in PDEs:
When n = 2 assume that w is the solution of problem (1) where
K, = Kj; and k, =k, 1s the function v the constant function 0? If
n > 3 and u is the solution of problem (1) where R, = Rj and h, = hg,
1s the function u the constant function 1?

We observe that if R, = Rz = 0, h, = h; = 0 then g = g, where v is a
positive constant. From now on we assume that the functions R, and A,
do not vanish simultaneously.

Let us introduce the operator (L, B ) defined by

n—1

Li=A,+ 2= in M, ;
Blza%—hg on OM. )

Let denote by A and by [ the first Dirichlet eigenvalue and the first
Neumann eigenvalue of the operator (Lq, By), respectively. Let the

function f be a first positive Dirichlet eigenfunction of the operator
(L1, By), that is f satisfies the boundary value problem

{Ll(f)+/\f)=o in M, @

Bi(f)) =0 on OM.

Now, let the function f be a first positive Neumann eigenfunction of the
operator (L1, B;), thatis, f satisfies the boundary value problem
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L1 (f) =0 in M, 5
Bi(f)=B8f on OM. )

Escobar in [1] proved the following uniqueness theorem

Theorem 1. Ler (M™, g) be a compact Riemannian manifold with
boundary and h, < 0. Suppose that g € [g], R, = Rz and and h, = h.
If both \ and X\ are positive or one of them is equal to zero then g = g.

The following proposition follows from this theorem and the variational
characterization of the first Dirichlet eigenvalue.

Proposition 1. Let (M™,g) be a compact Riemannian manifold with
boundary. Suppose that g € [g], R, = R3 < 0 and h, = h7 < 0. Then
g=g.

In [3] we found a result which is similar to Escobar's uniqueness theorem

(Theorem 1); in our result we replace Escobar's hypothesis of non-
positive mean curvature by non-negative scalar curvature.

Theorem 2. Let (M",g) be a compact Riemannian manifold with
boundary and R, > 0. Suppose that g € [g], R, = Rz and h, = h;z. If
both A\ and \ are positive or one of them is equal to zero then g = g.

In [3], as a consequence of Theorems 1 and 2 we found, respectively, the
following results

Theorem 3. Ler (M™,g) be a compact Riemannian manifold with
boundary and R, > 0. Suppose that § € [g], R, = R and hy = h;. If
both [ and [ are positive or one of them is equal to zero then g = g.

Theorem 4. Let (M",g) be a compact Riemannian manifold with
boundary and h, < 0. Suppose that § € [g], R, = Rz and h, = hg. If

both [ and E are positive or one of them is equal to zero then g = g.

In the next section we give direct proofs of Proposition 1 and Theorems 3
and 4. From the variational characterizations of the eigenvalues A and [
it follows that A > 0 if and only if S >0, and A = 0 if and only if
[ = 0. This fact and Theorems 3 and 4 yield, respectively, to the
Theorems 1 and 2, showing the equivalence of such results.
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2 Uniqueness theorems |

First we give a proof of Proposition 1.

. . ~ 4

Proof . First, let us consider the case n > 3. Set g = u»—2¢g and
=

v=ur2 — 1.

A straightforward calculation shows that

R 2 2n 2(n=-1)
A b __vun—2+4+1)=———u" "2 |[Vu[?>0 in M,
U+2(n_1)v(u +1) (n—Z)QU |Vul? >0 in
d
A on OM.
M
(6)
R
Using the hypothesis R, < 0, we get 2(—91)(u% +1) <o.
/]’L —
Let v(zp) = max{v(z) :z € M}. Ifxo € OM and v(z() < 0 then
v<0,u>1land g > g.
.. ov(xo)
If £ € OM and v(z() > 0 then Hopf's lemma implies that 3 > 0or
Ui
0
v 1s a non-negative constant. The inequality végxo) > 0 1s impossible
n

because of the hypothesis /, < 0 and the inequality

ov(xg)
on
Hence v is a non-negative constant. From here and the equation (6) we
obtain

= hy(zo)v(zo) < 0.

2n _2(n-1)
mu o2 |V’LL|2 = 0.

This equation and the fact that w > 0 implies that Vu = 0. It follows
that » is a constant. From (2), using thatR, and h, do not vanish
simultaneously we conclude that v = 1 and g = g.

On the other hand, if o € M ~ OM the maximum principle implies
that v < 0 or v is a non negative constant. If v < 0 we conclude that
u > 1and g > g. If v is a non-negative then, as before, we get u =1
and g = g. Hence, we have obtained for n > 3 that g > g or g = g Now
consider the case n>2. Let g=e®gand v=e*—1v=e"-1.
Then v satisfies
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Av+ Kpo(l+e*)=e™Vul>*>0 in M,

v 7
o = kgv on OM. 7

Using the hypothesis R, < 0 we get K, (1 + e*) < 0. Arguing as in the
case of dimension n > 3, we get again that ¢ = g or ¢ > ¢.In any case
we have obtained ¢ = g or g > g; changing the roles of g and g, we also
get g > g or g = g and we conclude that g = g.

Lemma 1. Letr (M",g) be a compact Riemannian manifold with
boundary and R, > 0. Suppose that g € |g], R, = Rz and hy, = hg. If
B=0theng=gandif3>0theng=gor g>g.

Proof . Let us consider first the case n > 3 Set g = = g and
I B straightforward calculation shows that

2 n— R
Av = rnzyu_%ﬁ”VuP — ﬂn—inv(uﬁ =+ 1) in M,
v (8)
8_ = hg’l) on OM.
n

Let f be a positive eigenfunction associated to the first Neumann
eigenvalue of the operator (L, By). Thus f is a solution of the boundary

value problem (5). By setting w = %, since R, > 0 we get
2
ng ( 2 U_ng 2 \2
e A 1 —_ n—2) = - (1 e n—2) > O, 9
2(n — 1) “ 2(n—1)f “ = ©)
and therefore
Aw+2Vf.Vw = 2y S v+ T (1 _ 1) 0 in M
w+ VIV = = |Vul? + ) u >0 inM, (10)
g_:‘?) = —wf on OM.

Let w(xzg) = max{w(z):z € M} and let us assume S =0. If

0
xo € OM, since w = 0, by Hopf's lemma we get w(zo) < 0 or w
n
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s a non-negative constant.

If w(xzo) <Otheng>g. If w is a non-negative constant, by equation
(8), we get

u_ﬁRg
2(n—1)

2n _2(n-1)
mu n—2 |VU|2 +

(1 —um2)2=0. (11)

Hence Vu = 0 and u is a constant. From (2), using that R, and h, do
not vanish simultaneously we conclude that v =1 and g=g. If
xg € M ~ OM the maximum principle implies that w is a constant, and
therefore we get the equation (10) again and as before we conclude that
g=g.

Now we consider 8 > 0. When zy € OM, if w(xg) < 0then v is
negative, u >land g > g. If w(zp) > 0, Hopf's lemma implies that

ow . .
—(zo) > 0 or w is a nonnegative constant. If

In

Z—Q:(xo) = —w(zg)B > 0,

then w(zo) < 0, which is a contradiction and we conclude that w is a
nonnegative constant. If w is a nonnegative constant we obtain again the
equation (11) and we conclude g = g.

Next, we will consider the case n =2 Set § =e?¥g and v = e~ % — 1.
Then the function v satisfies the equations

Av=e¥Vu]>— Kv(l+e*) in M,

ov = kgv on OM. (12)

Let f be a positive eigenfunction associated to the first Neumann
eigenvalue of the operator (L, By), in other words, f satisfies the

boundary value problem (5). Therefore the function w = v satisfies

f
2
f (13)
—pw on OM.

Aw+ SV f.Vw = ‘37|VU|2 + ngT(l —e"2>0 in M,

G
on
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Arguing in the same way as in the case n > 3 we get again that g = g or
g>g.

Lemma 2. Let (M™,g) be a compact Riemannian manifold with
boundary and hy, < 0. Suppose that § € [g], R, = Ry and h, = hg. If
B=0theng=gandif >0theng=gor g>g.

Proof: To prove our lemma when n > 3, we let g = unz g and
V=g =1. A straightforward calculation shows that

_4(n—|—2) _2n_ R,

n— R in M
Av = 2)211, 2| Vul —v in , .
% = Lﬂv on AOM.
o 14y

As in the previous lemma, let f be a positive eigenfunction associated to
the first Neumann eigenvalue of the operator (L;,B;). By setting

v
w = — we get

/
fAw+ 2V f.Vw = %u_%|vmz >0 in M,
2 (15)
szhg(l—u 2)w—,8w on OM.
o 14y
un—2

Let w(zo) = max{w(x) : z € M}. We have to consider two cases.
First, let us assume (3 > 0. If o € M and w(zy) <0 then g > g.

0
If 2o € &M and w(xp) > 0 then by Hopf's lemma we get a—l:;(:cg) >0

or w is a nonnegative constant.

If Z—w(xg) were positive, from the inequalities
n
ow hy(1 — unz
0< 8—(x0) = g( 3 )’LU(QTQ) - IB'U)(CL'()), (16)
n 14 un-2
and
—uns 73 (1 — ynez)2
O k) I il ok ) P (17)

1+un—2 f

Volumen:13; diciembre 2009



Revista de Ciencias G. Garciay:J. Mufioz

we would get
—,B’LU(III()) > 0.

Hence w(zp) <0 which is a contradiction; consequently w is a
nonnegative constant., Arguing as in the previous lemma we conclude
that u =1and g = g. If 9 € M \ 8M the maximum principle implies
that w is a constant. As before we conclude that g = g.

Now let us assume g =0. If zo € OM, using the equations (15) and the

0
inequality (17) we get a—w(aco) < 0. Hopf’s lemma implies that w < 0
n

or w is a nonnegative constant and we conclude again that g = g or
g>g. If 2o € M ~ M using the maximum principle we arrive to
g=g.

Now, we will consider the case n =2 Set § =e?*g and v = e~ % — 1.
Then v satisfies:

Av = 4e 2%|Vul|? — 2K in M,
G L on OM. (18)
ong 1+ev

As before, let f be a positive eigenfunction associated to the first
Neumann eigenvalue of the operator (L, By). Since f is a solution of the

boundary value problem (5) then the function w = v satisfies

f
Aw+ 2V f.Vw = 4e 2|Vu|*> in M,
ow 1—e* (19)
= — — oM.
o, Wy ou Bw on

Arguing in the same way as in the case n > 3 we get again that g = g or
g>g.

Proof of Theorems 3 and 4. 1f either B or E vanishes then the previous
lemmas yieldto g = g If both 8 and E and ,5’ are positive, the previous
lemmas imply that g = g or ¢ > g and g = g or g < g. Hence, the only
possibility is g = g.
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