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Abstract

We state a growth functional equation rclated with the Von Bertalanffy
physiological differential equation

This functional is useful in computing solutions of the latter.

. Introduction.

By studying the animal physiology Von Bertalanffy stated that the
increase in weight w of an animal is due to quantitative differences
between the biological processes of anabolism and catabolism. This
can be expressed by the differential equation.

‘Z—':, =aw’ — kw™, w>0 (1]
where n,k,d and m are real parameters, and n and k correspond
to the rates of anabolism and catabolism respectively. (See [FAB],

[SPA]).

Due to the importance of equation [1] in the study of animal growth,
we want to present here a method which allows to simplify the pro-
blem of its integration. We stale a lunctional equation which is very
useful in computing solutions of equation [1].
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2. A Functional Equation.

We can see that in particular cases equation [1] can be integrated
easily. For example, if d = 2/3 and m = 1 we oblain the equation

dw
dt
which together with the isometrical growth assumptions w = £* and

w(lg) = 0 becvines
af _
(2 -
lty) =

The latter has solution ¢ = %(l - e._-%(‘_“’)). obtained easily by
separation of variables

=aw® —kw, w>0 [2]

|
|
o~

[3]

Sw|

Even though in general we will not find an explicit expression for w,
let us apply separation of variables to [1]. We still use the assumption
w(to) = 0. We get

My daoy
tw—tu-— B m, w > ().
Now, if we make the change of variable w = £°,s > 0, we obtain the
functional equation.
Hd,m,w) =8 t(sd — s + 1,9m — s + L, w'/?) [4]
where

t(d,m,w) = [ —; —e——da (5]

. Applications.

In the case of isometrical growth we have seen at the begining of § 2
that

(2/3,1,w) = ~21n [1 s gwlla] (6]

By using this particular result and equation [4] we can easily compute
i(d,1,w) with d # 1, i.e. when m = 1. In fact by [4].
t(d,1,w) = s t(sd — 8 + 1,1, 0"?), (7]

and if we put s = 1/3(1 — d) and use [6] we get
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| 2 :
fd, 1w} = ‘5(1‘"_&")f (5,1,?::"”"‘))

R T k,l-d)
= k(l—d)ln(l v

Observe that t{d, m,w) has the same expression as —{(m,d, w) but
interchanging » and A. Then we have that

t{l,mw) = - m—l_—m—)ln [1 - %uv""‘]

i dﬂ'
' [) na — ka™’

il # 1. A particular case ol this is when m = 2, which gives us the
solution of the logistic equation:

W2y = —lln (l - }:-w") ;

n

1. Convergence of the lategral {(d,m, w)

Becanse of § 3 it is enough to study the convergence of t{d, m, w)
when d,# 1 and = # 1. Lel s = 1/{(m — 1) in [(4]. Then we gel

Hd, m,w) = . t (d Al 2121 U"m_l) (8]

m - | m — 1

We note the integral in the right hand side of [8] J,(m, w), where
d + " — b A

= , e,

nimoy = [ [
Am,w) = R A .
! 0 na’ — ka? wl=m =" =k

This improper integral converges if r < | and w'™™ > (k/n)'/“").
(See [HAR, 1967, p. 359]).

d+m —2
TH—1
Therefore the functional equation [8] has for its domain the region

' 1
R = {((f__'n.a_w_);d< 1, m>1, w< (;‘_7);‘7‘:7)‘".—.1}'}

The condition r — < 1 implies that m > 1 and d < 1.
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A similar developing is obtained if we take s —— in [1]. In this
‘ .-
case the functional equation:

1 m+d-2
Hd,mow) = ——1 2, — - =
(i, u) T-1 ( 721 " )
has the following set as domaiu:

k\ F=rxa=
R=L(dmw):d>1, m<|!l, w« (-)

n
For example if we are dealing with the equation

dw -
— = pu"® I.'.ml"__

dt

the associated integral is given by

M08, 1.7,w) = l,,(-)Jb/;(l.?. w)
{
S iz

T Ju~07 n297 — |

"

ny\3
The Latter converges lor w < (l\) :
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