
Volumen 20 No. 1, junio 2016 51

Abstract

In this paper we study a dark energy model taking into account a non-linear

interaction between the dark energy and dark matter components. The non-linear

interaction term, used in this work, is proportional to the square of dark energy density.

Considering a FRW type flat universe, we obtain an analytical expression for the Hubble

parameter H and from this quantity, the deceleration parameter q and the equation

of state parameter wΛ are analyzed. We found that, in this scenario, the accelerated

expansion regime of the universe in late times is possible. However, using suitable values

for the coupling constant, the square of the speed of sound remains negative, therefore,

the model is unstable under small perturbations.

Keywords: Dark Energy; Cosmology.

1 Introduction

The accelerated expansion of the universe was discovered in 1998 from the
analysis of astrophysical information obtained from the supernovae type Ia (SNIa)
(basically, from measurement of luminosity distances) [1], as well as from the
anisotropies observed in the cosmic microwave background (CMB) radiation [2],
and the study of the large scale structure (LSS) of the universe [3]. This accelerated
expansion is consistent with the idea that the universe has an unknown form of
energy density with negative pressure, so called dark energy (DE). The amount
of DE in the universe is about 70% and the remaining 30% correspond to matter
and radiation densities. A huge amount of DE models have been proposed in the
literature [4, 5, 6], but until now, there is not a satisfactory explanation of this
phenomenon. In the ΛCDM model, the role of DE is played by the cosmological
constant Λ (vacuum energy), but this model has two main problems: the fine
tuning problem and the coincidence problem [7].

Recently, a different proposal has attracted considerable attention, a model
which has its roots on the Veneziano ghost of QCD [8, 9, 10, 11] and is known
as QCD ghost dark energy [12]. The key ingredient of this new model is that
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the Veneziano ghost, which is unphysical in the usual Minkowski spacetime QFT,
exhibits important physical effects in dynamical spacetime or spacetime with non-
trivial topology. The Veneziano ghost is supposed to exist to solve the violation of
the U(1) symmetry (the so-called U(1) problem) in the low-energy effective theory
of QCD (for more details about this issue see [13]). The ghost has no contribution
to the vacuum energy density in Minkowski spacetime, but in curved spacetime
it gives rise to a small vacuum energy density. This vacuun energy density in the
QCD ghost dark energy model is proportional to the Hubble parameter H and
the proportional coefficient is of the order Λ3

QCD, where ΛQCD is the mass scale
of QCD. From this proposal, many studies in different contexts have been carried
out in recent years [14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. The generalization of the
ghost dark energy model was carried out in [24], where the studied energy density
is of the form ρΛ = αH + βH2.

Among the vast variety of approaches to the dark energy problem, it is also
considered the possibility to include an interaction termQ between the dark energy
and dark matter components, usually introduced aiming to avoid the coincidence
problem (Ref. [25] offers a recent review of this topic). Recently, the authors of [26]
showed that this kind of interaction is favored by current cosmological observations
in an extended ΛCDM model. Due to our ignorance about the fundamental
origin of dark energy, the interaction term is introduced by phenomenological
considerations. This term is usually proportional either to the dark energy density,
the dark matter, or to a linear combination of both. (See for instance, [27] and
references therein). The sign in Q determines the direction of the flux of energy.
If Q is positive, dark energy decays into dark matter, while if Q is negative, dark
matter decays into dark energy. Some authors have also considered the possibility
to have non-linear interaction terms [27, 28, 29, 30, 31, 32]. Here we take this last
idea, with a concrete selection for the interaction term Q, which allows us to find
analytical and phenomenologically feasible solutions.

This article is organized as follows: in the second section, we introduce the
basic equations and the cosmological evolution that arises from this model is
analized. Finally, in the last section we expose some conclusions.

2 Basic Equations and Cosmological Evolution

In general, the Einstein’s equations are the starting point to analyze the evolution
of the universe:

Rμν − 1

2
Rgμν = 8πGTμν , (2.1)

where Rμν is the Ricci tensor, R is the Ricci scalar and Tμν is the energy-
momentum tensor, which discribes the matter content of the universe. In this
case, we consider that the universe is filled with dark matter (ρm) and dark energy
(ρΛ).

The cosmological evolution of the universe that is studied from equation (2.1)
needs an appropriate metric. The most general metric that satisfies the observed
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homogeneity and isotropy in the universe, is the Friedmann, Robertson-Walker
metric (FRW) [33]

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (2.2)

where k is the spatial curvature. The possibles values for k are +1, 0, -1. if k = 1,
we obtain a closed universe, k = 0 corresponds a flat universe and k = −1 an open
universe. In equation (2.2) a(t) is the scale factor.

Using a flat type FRW universe in equation (2.1), it obtain the Friedmann’s
equations:

H2 =
1

3
(ρm + ρΛ), (2.3)

Ḣ +H2 = −1

6
(ρm + ρΛ + 3pΛ), (2.4)

where we take 8πG = 1 and the dark matter pressure pm = 0 (dust); ρm is the
dark matter density, ρΛ is the dark energy density and pΛ the pressure due to the
dark energy component. H = ȧ/a is the Hubble parameter and the dot represents
the derivative with respect to time. We consider that the dark energy component
is the QCD ghost dark energy density which has the form [12]

ρΛ = αH, (2.5)

where α is positive constant with dimension [energy]3, and roughly of order of
Λ3
QCD where ΛQCD ∼ 100MeV is the QCD mass scale.

When a possible interaction between dark matter and dark energy components
is taken into account, the continuity equations take the form:

ρ̇m + 3Hρm = Q, (2.6)

ρ̇Λ + 3H(ρΛ + pΛ) = −Q. (2.7)

In the literature, the usual choices for Q consist of linear terms of either dark
matter or dark energy or a linear combination of both. It is possible, however, to
consider non-linear forms for Q. In [27] the cosmological evolution of the universe
is analyzed, considering a non-linear interaction term of the general form:

Q = 3Hbρm+sρnmρ−s−n
Λ , (2.8)

where b is a positive coupling constant, ρ = ρm + ρΛ and the powers m, n and
s characterize the interaction. The Ansatz equation (2.8) contains a variety of
interactions considered in the literature, for instance, for (m,n, s) = (1, 1,−1) one
gets Q = 3Hbρm and for (m,n, s) = (1, 0,−1) one has Q = 3HbρΛ.

In order to obtain a viable model with analytical solutions, we consider that
the interaction term is given by the non-linear form:

Q = 3Hb
ρ2Λ

ρm + ρΛ
, (2.9)
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which corresponds to the choice (m,n, s) = (1, 0,−2) in equation (2.8). This term
was used also in [32] in the context of holographic dark energy. Others choices are
possible, but the resulting equations are more complex. For example

Q = 3Hb
ρmρΛ

ρm + ρΛ
, (m,n, s) = (1, 1,−2)

Q = 3Hb
ρ2m

ρm + ρΛ
, (m,n, s) = (1, 2,−2).

(2.10)

Further, from equation (2.9) it is possible to obtain an analytical expression
for the Hubble parameter H which, in addition, is phenomenologically viable, as
we shall show in the following:

Replacing equation (2.9) in equation (2.6), using ρm from equation (2.3), and
the ghost dark energy density (2.5), we obtain the differential equation for H(x),

9H2(x)− 3H(x)
[
α− 2

d

dx
H(x)

]
− α

[
αb+

d

dx
H(x)

]
= 0, (2.11)

where the change of variable x = ln a has been performed. The solution of (2.11)
is

H±(x) =
1

6

[
α± e−3x

√
α2(1 + 4b)e6x − 4e3(x+A)

]
. (2.12)

Where A is an integration constant. There are two branches: H+(x) represents
an expansion solution, while H−(x) a contraction one. We neglect the latter since
it goes against the observation, and for simplicity, write H+(x) as H(x) in what
follows. The integration constant A is recovered from the initial condition:

H(0) = H0. (2.13)

Using H+(x) of the equation (2.12), we obtain

A =
1

3
ln (α2b+ 3αH0 − 9H2

0 ), (2.14)

Moreover, from equation (2.3) we can rewrite the constant α, as follows

α = 3H0(1− Ωm0). (2.15)

Since, the current Hubble parameter H0 and the dark matter density parameter
Ωm0 are known, then, the only free parameter is the coupling constant b. Using
the most recent values reported in [34]: H0 = 67.8 km s−1 Mpc−1 and Ωm0 = 0.308
in equation (2.15), we have α ≈ 140 km s−1 Mpc−1. This value will be considered
in the next numerical calculations.

Now, we consider the behavior of the equation of state parameter w = p/ρ
(p = pm + pΛ and ρ = ρm + ρΛ) in order to determine if it is possible to obtain an
accelerated expansion regime for the universe at later times. Using the equations
(2.3) and (2.4), the equation of state parameter w is given by:

w = −1− 2

3

Ḣ

H2
= −1− 2

3

1

H(x)

d

dx
H(x), (2.16)
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and using equations (2.12) and (2.14), we obtain

w(x) =− α

[
(1 + 4b)αe3x +

√
(1 + 4b)α2e6x − 4(α2b+ 3αH0 − 9H2

0 )e
3x

]
/[

12H0(3H0 − α) + α
[
(1 + 4b)αe3x+√

(1 + 4b)α2e6x − 4(α2b+ 3αH0 − 9H2
0 )e

3x − 4αb
]]
.

(2.17)

Figure 1 shows the behavior of w as a function of the redshift z for suitable values
of the coupling constant b. With other choices, for example, for b � 1 not a
significant change in the model is observed and for b > 1 the decaying rate of dark
energy in dark matter would be very high.

Figure 1: Plot of the equation of state parameter w versus the redshift z, using suitable
values for the coupling constant b.

We can see that it is possible to obtain an accelerated expansion phase of the
universe, since the equation state parameter w satisfies the restriction w < −1/3
at later times and a phantom phase is not observed (w does not cross the w = −1
barrier).

Another very important quantity in cosmology is the deceleration parameter
q, which is given by:

q ≡ − äa

ȧ2
= −1− Ḣ

H2
= −1− 1

H(x)

d

dx
H(x), (2.18)

Using equations (2.12) and (2.14), we have
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q(x) =−
[
6H0(α− 3H0) + α

[
2αb+ (1 + 4b)αe3x+

√
(1 + 4b)α2e6x − 4(α2b+ 3αH0 − 9H2

0 )e
3x
]]

/

[
12H0(3H0 − α)+

α
[− 4αb+ (1 + 4b)αe3x +

√
(1 + 4b)α2e6x − 4(α2b+ 3αH0 − 9H2

0 )e
3x
]]

.

(2.19)

Figure 2: Plot of the deceleration parameter q versus the redshift z, using suitable values
for the coupling constant b.

As we can see in Figure 2, the selected values for b make the transition redshift
zt take values of the order of 0.5, which is consistent with the observed value [4].
In zt the universe enters an accelerating phase (q < 0)

In order to examine the stability of the model, we study the square of the
velocity of sound (v2s) as a function of the redshift. v2s is given by [35].

v2s =
ṗ

ρ̇
=

p′

ρ′
, (2.20)

where the prime means differentiation with respect to x and from equations (2.7)
and (2.9) the pressure density is given by:

pΛ = −b ρ2Λ
3H2

− ρΛ − 1

3

dρΛ
dx

, (2.21)
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Replacing equations (2.5), (2.12) and (2.21) in (2.20), we obtain:

v2s(x) =
2(α2b+ 3αH0 − 9H2

0 )

12H0(3H0 − α) + [(1 + 4b)e3x − 4b]α2
. (2.22)

The plot of v2s versus z is shown in Figure 3. Notice that v2s remains negative
for all values of z, showing that the model presented here is unstable under small
perturbations. A similar result was obtained in [14].

Figure 3: Plot of the square of the velocity of sound v2s versus the redshift z, using
suitable values for the coupling constant b.

3 Concluding Remarks

In this work we studied a QCD ghost dark energy model taking into account a
non-linear interaction between the dark energy and dark matter components (see
equation (2.9)). Considering a FRW type flat universe, we obtained analytical
expressions for the Hubble parameter (see equation (2.12)), the equation of state
parameter wΛ (see equation (2.17)) and the deceleration parameter q (see equation
(2.19)). It was found that, in this scenario, the accelerated expansion regime of the
universe in late times is possible since the equation of state parameter w satisfies
the restriction w < −1/3 at late times and a phantom phase is not observed (w
does not cross the w = −1 barrier) (see Figure 1). Also, the selected values for b
make zt (transition redshift) take values of the order of 0.5 (see Figure 2), which
is consistent with the observed value reported in the literature. However, using
suitable values for the coupling constant, the square of the speed of sound turned
out to be negative, making the model unstable under small perturbations (see
Figure 3). But, it is important to note that the positivity of v2s is a necessary
condition but is not enough to conclude that the model is stable [36].

3     Concluding Remarks
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