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Resumen

El método de fracciones continuas provee la menor soluciéon entera no trivial de la
ecuacion de Pell. Dicha solucion se expresa en términos del convergente de la fraccion
continua de la raiz cuadrada de un niimero entero no cuadrado al final de su primer o
segundo periodo. En este trabajo, se obtiene que este convergente a su vez se expresa
en términos de otro convergente de menor orden de la misma fraccién continua.
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Solving Pell’s Equation by Lower - Order Convergents

Abstract

The method of continued fractions provides the smallest non-trivial integer solution
of Pell’s equation. This solution comes from the convergent of the continued fraction
of the square root of an integer number that is not a square at the end of its first or its
second period. In this work, it is obtained that this convergent is expressed in terms of
a lower-order convergent of the same continued fraction.
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1. Introduction

The resolution of generalized Pell’s equation

ny? —x% =m, (1)

where m and n are integers and n is not a square, makes use of algorithms that involve many
calculations. Due to the development of computers, this subject has become recently a topic of

interest. It is known that all the integer solutions (X;,¥;) for Equation (1) are derived from the
recursion formula (see [1])

(Xiv1,Yie1) = (ax; + nfy;, fx; + ay;), (2)

where (X, o) is the smallest integer solution of Equation (1) and (a, f) is the smallest
non-trivial integer solution of Pell’s equation

ny? —x? = —1. (3)

Integer solutions of Pell’s equation (3) are determined by the convergents of the continued
fraction of the irrational number /n, all these elements having interesting properties (Sections
3 and 4). In fact, the coordinates (K, qs) of the smallest non-trivial integer solution of Pell’s

. . . s . . .
equation (3) are determined by a specific convergent . of the mentioned continued fraction
(Theorem 5.1).

However, the way how convergents of continued fractions are defined requires that all the
previous ones be calculated to reach the solution.

In this work, an oriented parametrization for the rational points of the hyperbola
H: nyz — x? = —1 isconstructed in Section 2, and is used to relate the convergent ? that solves

Pell’s equation (3) with a convergent z_ of lower order. We use classic properties of continued
fractions and convergents to establish the main result Theorem 5.2 in Section 5, which in turn
derives in expressions for each coordinate of the smallest non-trivial integer solution of Pell’s
equation (3) in terms of the same lower-order convergents in Proposition 5.3.
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2. Rational Numbers as Rational Points of a Hyperbola

For real numbers {x, y, k, q, n}, there is an identity
(ng? — k¥ (ny? — x2) = n2q%y? — n(q?x? + k?y?) + k?x?

= —n(q%x? + 2kgxy + k?y?) + n2q%y? + 2nkqxy + k?x?
= —n(gx + ky)> + (nqy + kx)*> = —[n(gx + ky)? — (nqy + kx)?].

When taking (k, q) = (x, y), Brahmagupta’s identity takes the form

n(2kq)? — (ng® + k?)? = —(nq? — k?)=. 4)
Then
2 2 2\ 2
n(ﬂ) _(ra kY 5)
nq? — k2 nq? — k2

and the ordered pair

(6)

(oy) = ng?+k?* 2kq
Y= nq® — k2’ nq? — k2

is a rational solution of Pell’s equation (3) when k and q are integers and n is a natural
number that is not a square. It is found an inclusion of the set Q of rational numbers in the

hyperbola H:ny> — x*=—1 as described in the following statement.

Proposition 2.1. Let be a natural number that is not a square. There is a bijection

between the set Q U {0} of extended rational numbers and the points of the hyperbola
H:ny* — X*=—1that have both entries rational.

Proof. The function f: Q U {co} — H is defined as

2 2
_[(nq°+k 2kq ) _k ‘ ) B )
f(a) - {(nqz _ kz)nqz _ kz)r Lf a = q S Qr (_1, 0), Lf a = 00,

Lk
If we write 2 = «a, then

n—a?'n—a?

Fla) = (’”*“2. = ®)
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To prove that fis injective, let us take rational numbers a and S such that f (a) = f (B).
Then

n+a® n+p?

= (9)
n—a? n-—p?¥

and

2 2P
n—a? n-—p?

(10)

Equation (9) leads to a? = f2and then Equation (10) leads to a = . Then the function f
is injective.

To prove surjection, let us consider a point (x,y) € H with both entries rational. Then x
and y are rational numbers such that ny?—x?=—1 . Let us consider the extended rational number

k = : (11)
q x+1
Then
(E)z __myt _na-1) (12)
q (x +1)? x+1’
and we reach that
2
n+ (g)
7 =X, (13)
n=(3)
and
2. %
? =) (14)
n=(3)
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Therefore,

xy)=f (;fl) (15)

and there is a bijection between the set Q U {co} of extended rational numbers and the
points of the hyperbola H:ny?— x2 = —1 with both entries rational. =

The bijection f:Q U {0} = H N (Q X Q) provides an orientation for the hyperbola H:ny> —
x?=—11induced by the usual ordering of rational numbers as displayed in Figure 1: starting at

the vertex (—1,0) € H corresponding to S = o, the rational point f (E) gets closer to the line
Vay+x =0 in the second quadrant of the plane while E is increasing and keeping lower
than —/n. Once - > —+/n, the rational point f ( ) jumps to the fourth quadrant arbitrarily
close to the same asymptote and begins to reach the vertex (1,0) which corresponds to

=0. When £ begms to be positive, the rational point f ( ) continues its way on the
ﬁrst quadrant gettlng closer to the line y/ny —x = 0 Whlle = <+/n. Once = > +/n, the

rational point f ( ) jumps to the third quadrant arbitrarily close to the same asymptote and

goes back to the vertex (—1,0) as% - 00,

Let us recall a basic property of hyperbolas.
Remark 2.2. If (x, y) and (ax, ay) are points of the hyperbola

ny? —x? = m, then a® = 1.

3. Continued Fractions of Square Roots of Natural Numbers

To find integer solutions of Pell’s equation (3), it is sufficient to find integers k and g such
that ng®— k2 divides both nqg?+ k? and 2kq according to Proposition 2.1. Therefore, the pair
(k, g) must be chosen so that ng® — k* be sufficiently small. A method for obtaining such
suitable values for k and ¢ is by approximating the irrational number v/n via continued
fractions. A continued fraction is an expression of the form

[ag; ay, Az, ..] = ag + - 1 (16)
ap +—

a2+:

where each a, is an integer number and a, > 0 when i >0. For example, let us calculate the
continued fraction for &« = +/13: it is known that 3 < @ < 4 ; moreover, &> —3> = 4. Then
a-3= —2_ and it follows that

3+a
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- 3+ ~ 3+ - 3+
1+271 1+— 14—
4 4 1 —a
a—1 tTa—1
3+ = 3+ ! 3+ !
1y —Lo 1+ L 1+ L
1+—— 1+ 1+
a—1 l+2c;r—6 14 1
5—a 5—a 5—a
2aa —6
3 ! 3 !
+ -3+
1+ - 1+ .
I Ii=3a o1
2a —6 2a—6
11— 3a
3+ =
1+ L
1+ -
Lt 20a-72
11— 3a

For the case of the square root of a positive integer number, its continued fraction is periodic

with the number 2|v/n| = 2a, being the last element in the period. Furthermore, the remaining

elements in the period have a symmetric behavior as observed in [2]: if vn = [ay; a;, -

,ap_l,ZaOJ,

then, a,_ = a, for every 0 < i < p . It follows that V13=[3;1,1,1,1,6] is a continued fraction with

period of length p = 5. We could test the pair (k, q) = (72, 20) coming from the polynomial

expression 20y — 72 in the continued fraction of v13, obtaining the value 13 - 202 —722= 16, and

so the values for x and y would be
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Figure 1. Rational points of the hyperbola 3y?— x?= —1 regarded as extended rational numbers.

~ 13-20%+72% 10384
S 13.202-722 16

x — 649, (17)

and

_2-72-20 2880
13-202—-722 16

y = 180, (18)

which is the smallest non-trivial integer solution of Pell’s equation 13y*— x?= —1.
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4. Review on Convergents

Forany continued fraction [ay; a;, a,, ... |,its-th convergent j isdefined inductivelybymaking,
L

(k_1,9-1) = (1,0), (ko,qo) = (ap, 1), and (k;, q;) = (a;k;i_y + ki_p,a;q;-1 + qi_3).

. ki . . . .
The i-th convergent — can be calculated alternatively as the finite continued fraction
qi

L [aoi Qg e,y ai]- (19)
i
In fact, it is proved (see [2]) that
ak,_, +k;_
lag; ay, ., a;_y, a] = —————, (20)
aqi—, + qi—

for every positive real number a.

Other properties of interest with respect to convergents are the associativity

21
[a’[); alr ey ai—l: ail a] = [a’{]! a’l! ey a’i—ll [ai; a]]r ( )
the reduction
1
lag; ay, ..., a;_q, @] = |ag; aq, ..., a;_1 +—|, (22)
(94
the tnversion
q.
— = [a;ai_y, .., aq], (23)
qi-1
the difference
; (24)
ki—1q; — kiqi-; = (=1)',

and the monotonicity

k k k-; ko; k k
_0<_2<...<£<...<[a0;a1'a21"_]<...< 21+1<...<_3<_1_ (25)
o 92 q2i q2i+1 43 1
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We are proving inversion property (23) as follows: if i = 1, then g_= 0, g = 1, and

q1 = a1qp + q-1 = ay, (26)

following that

q
q—; = a, = [a,]. (27)

Now, let us suppose that inversion property (23) holds for i and let us calculate

 ouwus 2
1+1:qi_1

Qiv1 _ Q1qi Y qiog qi—1
= = Ay T
q; i 4;

= [@j11; Qi e, Qg ).

= [ai+1; la;; ..., al]]

Then inversion property (23) holds for i + 1 and it holds for every positive integer i.

We use monotonicity property (25) to locate the image of the convergents via the
parametrization f from Proposition 2.1.v

Lemma 4.1. Let n be a natural number that is not a square and let us consider the
ki ,

continued fraction of \/n with convergents q; If is odd, then the point f (?) belongs to the
L

third quadrant. If is even, then the point f (?) belongs to the first quadrant.
L

Proof. If iis odd, then ““ > \/i. Then nq? — k? < 0 and the rational point
ai
f (ki) _ (m?f' +kf 2kiq; )
qi/  \nq; —ki'ng; —k;

has both entries negative.

If i is even, then 0 < £ < \/n. Then ng? — kZ > 0 and the rational point
ai

f(ki) B (”qzz +ki  2kigq; )
q/ \nq; —ki'ngi — ki

has both entries positive. m
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5. The Result

The smallest non-trivial integer solution of Pell's equation (3) has been calculated in terms of

the convergents of the continued fraction of v/n as proved by C. D. Olds in [2]:

Theorem 5.1. Let n be a natural number that is not a square and let us consider the

continued fraction +/n = [ay; ay, ..., ap_1, 200 with period of length p and its convergents ? Ifp
i

is even, then the pair (ks, q5) = (kp-1, qp_l) is the first non-trivial integer solution of ny? —
x? = —1. If p is odd, then the pair (ks, q;) = (kZp—ll qu_l) is the first non-trivial integer
solution of ny* — x? = —1. Also, the equality nq}_, — kj_, = (—=1)P~* holds for any length p.

Let us calculate the first non-trivial integer solution of Pell's equation 13y% — x? = —1 by
using Theorem 5.1: since the length p of the period of the continued fraction V13 =
[3; 1,1,1,1, 6] is p = 5, Theorem 5.1 commands us to calculate the pair (k,.c_1,q2.5-1) = (ko, q9).

We proceed by making;:
(ky,q)=(1-3+1,1-14+0) = (4,1)
(ky,q) =(1-4+3,1-1+1) = (7,2)
(k3,q3) =(1-7+4,1-2+1) = (11,3)
(kayqy) =(1-11+7,1-3+2) = (18,5)
(ks,qs) =(6-18+11,6-5+3) = (119,33)
(k¢ qs) =(1-119+18,1-33+5) = (137,38)
(k;,q7,) =(1-137+119,1-38+33) = (256,71)
(kg,qg) = (1-256+137,1-71+38) = (393,109)
(ko,q9) = (1-393 +256,1-109+ 71) = (649,180).

The pair (ko, q9) = (649,180) is the smallest non-trivial integer solution of Pell's equation

13y? — x? = —1. However, we may pay attention to the convergent % = % and we calculate
4

(k4)_ (18)_ DS 20805 ) (649,180) = (kovo)
fq4 =7 5) \13-52-182"13-52—-182) ’ = Ko, q9)-

For the even case, let us consider the continued fraction

V1986 = [44;1,1,3,2,1,2,5,1,1,3,44,3,1,1,5,2,1,2,3,1, 1, 89 (28)
which has a period of length p = 22. According to Theorem 5.1, the first non-trivial integer
solution of Pell's equation 1986y2? — x? = —11s (kyz_1,G22-1) = (K21,421) =
(13209364625,296409628), but we can also calculate

1986 - 296409628 _ 114932 Ky,
13209364625+ 1 2579 g0

Fl(ky1,q01) = f1(13209364625,296409628) =

The bijection f: Q U {o} - H N (Q X Q) from Proposition 2.1 establishes a connection
between the smallest non-trivial integer solution of Pell's equation (3) and a convergent of

lower order. We prove the relation in the following statement:

Theorem 5.2. Let n be a natural number that is not a square and let us consider the

continued fraction
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Vn = |ag; ay, .., ap_q, 20, (29)

with period of length p and its convergents % If p is even, then
L

2 2
n + k
9y 7t _kpa (30)

2k -
g_lqg_l qp 1

If p is odd, then

nqp_1 +kj_q _ k2p—1. (31)
2kp—1Qp—1 q2p-1

Proof. Let us suppose that the length p of the period is odd and let us observe that

ky_ q,—
PL — [ag;ay, v Gpoq]| = [agap-q, . aq] = [ao; [ay-1; ...,al]] = [ao;qp—l] = qy+

p-2

Qp—z

dp-1 dp-1

Then ky_; = agqp-1 + qp—2, leading to 2k,_1qp_1 = aoqp—_1 + kp_1dp-1 + dp—29p—1 and

1 _ i 1 . (32)
2kp—1Qp—1 anp—l +'kp—chp—l +'Qp—2qp—1
Since p is odd, it follows that (—1)P~* = 1 and the pair (k,_1,q,-1) is a solution of the
equation ny? — x? = 1 by Theorem 5.1. Then
nqzzn—l - k12>—1 _ (=prt _ kp—2Qp-1— kp-1qp—2
2kp_19p—1 aoqlz,_l + kp_19p-1 + dp—29p—1 aoqzz,_l + kp_19p-1 + dp—29p—1

_ Aokp-1p-1 + kp_1Gp-1 + kp_205-1 — aokp_1q5_1 — kj_10p-1 — Kp_1dp—20p—1

qp—l(aoqzz)—l + kp_1qp-1 + CIp—szp—l)
_ Qp—l(aokp—1qz;—1 +kig+ kp—qu—l) - kp—l(aoqu)—l + kp_1qp-1 + %—2%—1)

qp—l(aoqzz)—l +kp_1qp-1 + CIp—szp—l)

kp_l)
k,_ k,_
_ aoky_1qp-1 + kg1 + Kkp—20p-1 _ kp-1 (ao * qp-1) P71 -2 _ ky—1
Cagq?_, +ky 1Gy_ 1+ Qp_2qp 1 k- _
09p-1 T Kp—1qp-1 T Qp-—20p-1  dp-1 (ao N qZ-i) Gpr + Qs Ap-1

ky il kyy ky_.

= [ao; Ay ey ap_l, ay + qZ_1:| - q::_l = [ao; aq, o,y ap_l, Ao + [ao; aq, .y ap_l]] — qz_l
ky_s ks
= [ao, al, ey ap_l, [Zao, al, ey ap_l]] - = [ao, al, ey ap_l, Zao, al, ey ap_l] -
dp-1 qp-1
_ kop_1 B kp—_1
q2p-1 Qp—l-
It follows that
ngz_, — k2 k k
-1~ Kp-1 | Kp-1_ Kop-1 (33)

ka—lqp—l dp-1 QZp—l’

11
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and it is concluded that

nqp_1 +kj_4 _kypg

2kp—1Qp—1 B q2p—1’

if the length p is odd.

If the length p is even, P. J. Rippon and H. Taylor proved in [3] that there is an identity

k (k +k )
L \"2 T2,

“ap.,)
g, (93 + ..

Then

kp _kp+kp k k (a k +k ) +kp Kk
L S A 2 L \"Fe1 TP !

2 2
nla + 2 ) = apk + 2kp _kp ..
(opof - 20.0p.0) = gk 2y

Then

2 2
napqp . +2nqp_.qv_, —apkpy . =2kp _kp .
2 371 272771 2 271 272 771

We multiply by g»_, to obtain
2

3 2 2 2_1)
+2n — apk = 2kp_k = 2kp_, (k +(-Dz ),
i e O R R R

leading to

3 2 2 2 b4
na +2n —apk — 2k = (=12 2kp _,
gCIg_l Clg_ZCIg_l L %—161%—1 g_ﬂg_z (=D 1

and

(”qz — kp )(aqu + 2qp ):(—1)%‘121(,,
51 B \F 272 27V

Therefore, it follows that

2 2
n —k D_
e SR G Ol

2k Capgk  +2 '
el B T

If we use again the difference property (24), we get

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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2 2
ngp_ . —kp kp_qv_,—kp_.qp ke qv ,+kp qv_ . —2kp__qp
271 ot 521817 1T _ 51102 T 52T 51102

2kp_ qp apqp +2 apqp +2
E_qu_l gCIg_l q%_zqg_l gqg_l q%_zqg_l

2 2 2
apkp_.qp_, +kp_,qp_,qv_, +kp_,qp_, —avkp_.qp_ —2kp_ qv_,qp_,
2 2 2 2 2 2 2 2 2 2 2 2 2 2

apqs +2 )
Clg_1< gCIg_l Qg_ﬂ§_1

apk +k +k )—k @ b +2 )
s (945950 + g a0 g o) by (ogef 2000

arqs +2 )
CIg_l( gCIg_l Q§_ZCI§_1

apkp__qp_. +kp qp_,+kp__qp kp
55115 TR B T M

2
a +2 p
pdp_, +24p_,9p_, e,
.,
ap + kp  +k i
S ap_ )51 52 kp qo_,| kp_,
= 2 -2 = |Qo; Ay, .., ap_,,ap + 2 -2
av_, qr_, 2 2 4qp_, av_,
ap + =2 qr_, +qp 2 : 2 2
2z Qg_l 271 T2

qe_,| ke_, kp_,

= ao;al,...,ag_l,ag,—z -2 = ao; al,...,aE_l,aE,aE_l,...,al -2

2V 2qp_,| qp_, L 272 2 ap_,
2 2 2

k k

o 21 kyy 5

= [ag;ay, .., ap—1] — =
q%—l qp—l qg—l

We conclude that
2 2 2
ky_1 nqg—l i, k72’ 1 nq%—l + k%—l
dp-1 2kp 1q§—1 qp_4 2kp_yqp_,
when the length p is even and the statement follows. m
For example, let us consider Pell's equation 4729494y? — x? = —1 that appears when solving

Archimedes's cattle problem. The continued fraction of /4729494 has period with length p =

92. By Theorem 5.1, the first non-trivial integer solution of this equation is (kq;, g9 ), which

would demand to calculate 91 convergents ﬁ However, by Theorem 5.2, it follows that

4

2k 45945 o1’
S0, it is only required to calculate the first 45 convergents when using the method of continued

fractions to obtain the solution.

nq?+k?  2k.q. ) is
nq?—k?’ nq?-k?

Let us take another look to Theorem 5.2: it states that the point f (z—) = (

proportional to the smallest non-trivial integer solution (ks, g5) of Pell's equation (3). By

Remark 2.2, it follows that

13
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ng? +k? 2k.q.
nq? — k2’ nq? — k?

) = (Lks, £q5). (42)

Therefore, we can express the smallest non-trivial integer solution (kg, ) of Pell's equation

(3) fully in terms of the lower-order convergent ? as follows:

Proposition 5.3. Let n be a natural number that is not a square and let us consider the

continued fraction of \'n with period of length p and convergents %

(1) Ifp is odd, then the smallest non-trivial integer solution (kg, qs) of Pell's equation ny? —

x> =-11is

(kZp—l'qZP—l) = (nCI%-l + k;%—l'ka—lqp—l)' (43)

(2) If p is even, then the smallest non-trivial integer solution (kg, q,) of Pell's equation ny? —

x2=-1is
2
ngp_, +kp_ . 2kp_qp_
(eps Gpon) = | ———2—,— 22—, (44)
nqg 1 kg—l nqg—l B kg—l
if g is odd, and is

(k-1 @p1) = | ——— (45)

if g is even.
Proof. If the length p is odd, Theorem 5.1 guarantees that

ngi, — k2, =(~1DP =1, (46)

so that the rational point
f <kp—1> _ <nqzzn—1 +hpy 2kp_1Gp—1

p-1 nqzza—1 - k;2;—1'nq1§—1 - kzzn—1
has positive entries and then Equation (43) follows.

) = (na3-1 + k3-1,2kp_1Gp1) (47)

On the other hand, if p is even, it follows from Theorem 5.2 and Remark 2.2 that

nqé_l + ké—l Zkg_lqg_l

2

2 2 7 2 2
nCIp_l - kg_l an_l - kg_l
2 2 2

= (tkp-1, £qp-1), (48)

2
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where the signal depends on g. It % is odd, then g — 11is even and then Lemma 4.1 guarantees

nap_+kp_ . 2kp_ap_,
that the point | —4¥——2%—,—*—2— | lies in the first quadrant. Therefore, Equation (44)
Mp_ kb, B TFp
nap_ +kp_, 2kp_ap_,
follows. If g is even, then g — 11is odd and then the point nq§ P ,nqzz e lies in the third
BBy B TB

quadrant; hence, Equation (45) follows. m
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